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Monte Carlo Integration




Monte Carlo Integration




|_ight Simulation: on Surface




|_ight Simulation: on Surface




Light Simulation: Participating Media




Regular Sampling Pattern

Fuclidean Spherical Hemispherical

[Marques et al. 2013]



Purely Random Sampling Pattern

EFuclidean Spherical Hemispherical
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Jittered Sampling Pattern

Fuclidean Spherical Hemispherical




Poisson Disk sampling Pattern

EFuclidean Spherical Hemispherical
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Ambient Occlusion

Image Plane
Geometric Aliasing
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Ambient Occlusion

-

' ‘
v A

Geometric Aliasing

Image Plane
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Error: Structure Artifacts

Hemisphere Image Plane

Same Hemispherical pointset
at all hitpoints
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1SE

: NO

Error

Image Plane
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With rotation
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Homogeneous Sampling Pattern
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Homogeneous Sampling Pattern

Statistically invariant properties
over the domain

Purely random sa
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Homogeneous Sampling Pattern

Statistically invariant properties
over the domain

Widesense stationary
[Dippe and VWold 1985]
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Homogeneous Sampling Pattern

Statistically invariant properties
over the domain

Widesense stationary
[Dippe and VWold 1985]

All sampling patterns derived
from white noise
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Regular

Realisation 1

Regular Samples

Homogenization
by Random [ranslation

Realisation 2

Realisation 3

Homogenized

Multiple realisations
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Realisation 1

Jittered Samples

Homogenization

Realisation 2

Realisation 3

Homogenized

Multiple realisations
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Realisation 1

HomMogeneous Samples

Homogenization
by Random

Realisation 2

Rotation

Realisation 3

Homogenized

Multiple realisations
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Error 1IN lerms of Variance

Error = Bias? + Variance

Homogeneous Sampling:

Bias & Z€ero
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Error 1IN lerms of Variance

Error = Bias? + Variance

Homogeneous Sampling:

Bias Z6ro
Implies:
Error = Variance

19



Nature ot Noise

Purely Random Jittered Regular ssszmimie

Image Plane

MSE:
3.95x10™~

96 hemispherical samples
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Previous VWork on
Fourier Analysis of Sampling Patterns

 Many prior works [Dippeé and Wold 1985/, [Cook 1986/, [Ulichney 1987]
e Error relates to the frequency content of samples, [Durand 2011]

e Relates variance directly to the variance of Samples’ Fourier Coefficients
[Subr and Kautz 2013]
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Regular Sampling Pattern

Power Spectrum
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Purely Random sampling Pattern
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Poisson Disk sampling Pattern
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Pattern

ttered Sampling
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Mean Angular Power Spectrum
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Frequency (w = l/am) Frequency (w = l/a\/ﬁ)

Jittered Sampling Pattern
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Variance Formulation in BEuclidean Domain
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Variance Formulation in BEuclidean Domain
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Variance Formulation in Euclidean Domain
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Variance Formulation in Euclidean Domain

- .

30



if

Euclidean Domal

Ion 1N

Variance Formulat




\V/
i
ra
N
C
o
F
®
rm
Ul
At
tion |
N
=
U
Cl
10
o
a
N
B
®
m

-

N

Td




Variance Formulation in BEuclidean Domain
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Variance Formulation in Spherical Domain
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Variance Formulation in Spherical Domain
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Variance Formulation in Spherical Domain
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Variance Formulation in Spherical Domain




Variance Formulation in Spherical Domain
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Variance Formulation in Spherical Domain

2
Frequency

Jittered Sampling Pattern
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Variance: Product of - and -
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Variance: Product of - and -
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Dependence on Number of Samples

Integrand Power Spectrum

Sampling Power Spectrum

For a given number of samples
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Dependence on Number of Samples

Integrand Power Spectrum

Sampling Power Spectrum

\Product

]
Frequency

For a given number of samples
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Dependence on Number of Samples

Integrand Power Spectrum Integrand Power Spectrum

Sampling Power Spectrum Scaled Power Spectrum
q

\Product Proddct

1 1
Frequency Frequency

For a given number of samples Increasing the number of samples
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Fuclidean
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Integrand Power Spectrum

.-
cnp 9t otherwise

where, ¢ and ¢ are constants
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[Brandolini et al 2001, Mean square decay of Fourier transforms in euclidean and non euclidean spaces|



Theoretical Convergence Analysis

b = degree of the polynomial d = dimensions = number of samples



Theoretical Convergence Analysis

= S5ssestnsssel!

NN

b = degree of the polynomial d = dimensions = number of samples



Theoretical Convergence Analysis

i)

37
b = degree of the polynomial d = dimensions N = number of samples



Theoretical Convergence Analysis
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b = degree of the polynomial d = dimensions N = number of samples



Jittered

Power Spectrum Bounds
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Jittered

Power Spectrum Bounds

With Bounds

2
Frequency

2
Frequency
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Jittered

Convergence Rate Analysis

Power Spectrum Convergence rate
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Jittered

Convergence Rate Analysis

PoOwWer Spectrum Convergence rate

Variance

1
| nver nerate:O( )
Variance convergenc NUN

40



[a—
(o

®
&)
-
©
3
>

Convergence Rate Analysis

- Jittered

- Poisson Disk
[Schlomer et al. 2011]
[DeGoes et al. 2012]

—_
=
N

— [Heck et al. 2013]

Variance
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Regular
- White noise
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Variance

Jittered vs Poisson Disk Sampling
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Whny IS jittered sampling
petter than Poisson Disk sampling 7
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Power Spectra
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Power Spectra: Low Freqguency Region

FPoisson Disk o (%) Jittered 0( : )

NVN

Constant Offset Approaching Zero

45



CCVI [Balzer et al. 2009]

Variance Gonvergence Rate: O (

W)
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CCVI [Balzer et al. 2009]

Variance Gonvergence Rate: O (

W)
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® Analysis tool to theoretically compute and bound variance
convergence rates of any stochastic sampler
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Future VWork

® Extend our mathematical framework to adaptive sampling
strategies

® Explore how we can extend our mathematical model to
deterministic sampling patterns

® Use our framework to construct new sampling patterns
with the best convergence speed and with lowest variance
even for small numper of samples
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Step sampling Pattern

Variance
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Convergence Rate Analysis

Variance

PO Schlomer et al. 2011 Purely random samples
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Image Plane

bi...

."‘.»q




L ight Simulation: on Surface

Light Source Cye o

s
88
oG

DN
[/ )] ] N
o))

aue|d abeuwy

Hemlsphere




| ight Simulation: Participating media

[T
<
®
O

Light Source

oG
88
oG

[/ )N/
[/ )] ] N
o))

aue|d abeuw




Ambient Occlusion

Image Plane
Structural Artifacts
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Ambient Occlusion
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Image Plane
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Regular samples

Image Plane
Structural Artifacts
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Jittered Sampling Pattern

Samples Power Spectrum
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Radial averging of Power Spectrum

Jittered sampling Pattern 85
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Dependence on Number of Samples
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~ Sampling Power Spectrum
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Dependence on Number of Samples

\ i B  Integrand Power Spectrum

| Scaled Power Spectrum

O B 1 > 99 _ 1 >

Frequenc Frequenc

For a given number of samples Increase In number of samples
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Dependence on Number of samples

Integrand Power Spectrum

Freg

For a given number of samples

67



Dependence on Number of samples

_ SamphigF e / Scaled Power Spectrum

Frec Frequenc

For a given number of samples Increase In number of samples
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Sampling Power Spectrum
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Integrand Power Spectrum

Sampling Power Spectrum
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For a given number of samples

70



| OW Freguency zone
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Sampling Power Spectrum Shifted Power Spectrum
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Integrand Power Spectrum Prlp)

{CF P = Po .

/ d—1 :
Crp otherwise

where. ¢r and ¢ are constants
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Brandolini et al.[20071] Mean square decay of Fourier transforms in euclidean and non euclidean spaces.



Poisson Disk

Jittered

Convergence Rate Analysis

Convergence rate




Power Spectrum Bounds

FPoisson Disk
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Power Spectrum Bounds

FPoisson Disk FPoisson Disk

F -

With Bounds

76



